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On the electric charge of the observable Universe
Cody Goolsby-Cole∗ and Lorenzo Sorbo†
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Light fields get large scale fluctuations during inflation. If some of them are electrically charged,
then large scale fluctuations of the electric charge will be generated. As a consequence, any finite
portion of the Universe, including our observable one, will carry a net electric charge. This fact
does not require any form of breaking of the gauge symmetry at any time. We discuss under which
conditions such a charge is maintained until the end of inflation, and we estimate its expected
magnitude both in the case of charged fermions and of charged scalars. While one charged fermion
species yields a charge density that is several orders of magnitude below the observational constraints,
extremely light charged scalars can exceed those constraints.
I. INTRODUCTION
The conservation of electric charge is one of the best
established, least questioned laws of physics [1]. While
scenarios where charge is not conserved have been pro-
posed (see below for an incomplete list), these correspond
to exotic situations, and the charge of the Universe is
usually assumed to vanish.
The present work focuses on the fact that, even if elec-
tric charge is exactly conserved as a global quantity, dur-
ing inflation with Hubble parameter H large scale charge
fluctuations are generated if there exist charged particles
with mass m . H. As a consequence, even if the entire
Universe is electrically neutral, any finite portion (includ-
ing our observable one) of it can have a net charge. We
will estimate the typical magnitude of the average charge
density QR in a volume of radius R by computing its
variance right after inflation.
The constraints on the electric charge densityQ0 of the
Universe are tight, Q0 . 10−26nB , where the nB is the
number density of baryons [2] (see also [3, 4] for previous
analyses that did not account for the large conductivity
of the primordial plasma). For charged massive fermions
of mass m = O(H) we will find a charge density that is
orders of magnitude smaller, Q0 . 10−33nB . The charge
density in scalars with m = O(H) will be only two or
three orders of magnitude larger. However, the charge
density accumulated in very light charged scalar particles
can be much larger, and can exceed by several orders of
magnitude the bounds of [2] in the limit of a massless
scalar species.
One might worry that the electric field produced by
the charge inhomogeneities during inflation can oppose
charge separation or annihilate the charges via Schwinger
effect. As we will see, this is typically not the case, even
if in some instances the Schwinger effect can be relevant.
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The idea that the Universe might carry a net electric
charge dates back to the work of Lyttleton and Bondi [5],
who assumed Q0/nB ' 10−18 to explain the recession of
distant galaxies, while in the ’60s Alfve´n and Klein [6]
considered a cosmology where charge separation would
play a central role. The possibility of a charge imbalance,
analogous to that of [5], but confined to dark matter was
discussed more recently in [7]. References [8–11] consid-
ered the generation of a net charge caused by the spon-
taneous breaking of the electromagnetic gauge symmetry
(used in [12] to generate cosmological magnetic fields),
and [13] has shown that the same effect is produced by a
photon mass. The authors of [14] discussed the possibil-
ity that electric charge is not conserved in brane world
models. Closer to our work, a massive charged scalar dur-
ing inflation was discussed in [15], whose focus, however,
was on the generation of magnetic fields. The system
of [15] was reanalyzed in [16], where the current charge
density of the Universe was also estimated in the case of a
massless charged scalar. A charged curvaton was consid-
ered in [17], where it was argued that the charge density
should not survive until the end of inflation because of
Schwinger pair production. In [18], a mechanism anal-
ogous to ours, with the electric charge replaced by the
baryon number, was proposed to produce the observed
baryon asymmetry of our Universe. As we discuss below,
our results differ significantly from those of [16–18].
II. CHARGE DENSITY DURING INFLATION
We define the average charge density QR in a volume
of radius R as
QR ≡
∫
d3x
(
√
pi R)3
e−x
2/R2 Q(x) , (1)
where Q(x) is the charge density operator for the form
of matter under consideration. Since electric charge is
conserved, and any initial charge density will be rapidly
driven to zero by inflation, 〈QR〉 = 0. However the vari-
ance of QR will not vanish and its square root will give
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2the typical size of the charge density in a sphere of radius
R. If we define the charge power spectrum PQ(k)
〈Q(k)Q(k′)〉 ≡ 2pi
2
k3
δ(k + k′)PQ(k) , (2)
with Q(k) ≡ ∫ d3x
(2pi)3/2
e−ikxQ(x), it is then straightfor-
ward to prove that
〈Q2R〉 =
∫
dk
k
PQ(k) e−k
2R2/2 . (3)
We will be caring about the limit of large R, so that we
will need to compute only PQ(k) for k → 0.
Since we are ultimately interested in the number den-
sity of (anti)particles, it is crucial to work with normal-
ordered operators to avoid divergences. The rigorous way
of normal-ordering operators in a time-dependent back-
ground is to compute the Bogolyubov coefficients, as we
will discuss below and in Appendix A. To our knowledge,
this is the first work where the charge variance in Dirac
fermions is computed at the end of inflation. On the
other hand, the charge variance of complex scalar fields
during inflation was considered in [16–18], where however
normal ordering was not taken into account. Because of
this, our results differ significantly from those of [16–18].
We believe that our analysis, which gives unambiguously
finite results, is the appropriate one for this problem.
A. Fermions
Let ψ be a fermion with mass m in a FRW Universe
with scale factor a(τ), where τ is conformal time. The
canonically normalized field Ψ ≡ a3/2 ψ obeys
(i γµ ∂µ −ma) Ψ = 0 (4)
that we solve by decomposing
Ψ(k, τ) =
∑
r=±1
[
ur(k, τ) ar(k) + vr(k, τ) b
†
r(−k)
]
, (5)
with (using the conventions of [19])
ur(k, τ) =
1√
2
(
U+(k, τ)ψr(kˆ)
r U−(k, τ)ψr(kˆ)
)
,
vr(k, τ) =
1√
2
(
V+(k, τ)ψr(kˆ)
r V−(k, τ)ψr(kˆ)
)
, (6)
where ψr is an eigenfunction of the helicity operator with
eigenvalue r/2. The equations of motion read
U ′± = −i k U∓ ∓ imaU± . (7)
Given that the system is invariant under charge conju-
gation, we have V+ = −U∗−, V− = U∗+. Moreover, the
normalization |U+|2+|U−|2 = 2 is preserved by the equa-
tions of motion.
In a de Sitter geometry a(τ) = −(H τ)−1, eqs. (7) are
solved by
U± =
√
−pikτ
2
e±
pim
2H H
(1)
1
2∓imH
(−kτ) , (8)
where H
(1)
ν (x) denotes the Hankel function of the first
kind.
In order to compute the renormalized two point func-
tion of the charge operator we compute the Bogolyubov
coefficients for this system. To do so we decompose
Ψ(k, τ) on a different set of creation/annihilation opera-
tors a˜
(†)
r (k, τ), b˜
(†)
r (−k, τ) and mode functions U˜±(k, τ)
that are the adiabatic solutions of eqs. (7)
U˜± =
(
1± ma√
k2 +m2 a2
)1/2
e−i
∫ √
k2+m2 a2 dτ (9)
and are linearly related to the functions U± by
U+(k, τ) = α(k, τ) U˜+(k, τ)− β(k, τ) U˜∗−(k, τ)
U−(k, τ) = α(k, τ) U˜−(k, τ) + β(k, τ) U˜∗+(k, τ) . (10)
By definition, during adiabatic evolution, ω′  ω2, the
Bogolyubov coefficients α(k, τ) and β(k, τ) are constant,
and the occupation number for modes with momentum k
is given by 〈0|a˜(k)†a˜(k)|0〉 = |β(k)|2, where the vacuum
|0〉 is annihilated by the ar(k), br(k) operators.
For modes with k  ma the adiabaticity condition
reads a′/a2  m. During inflation this condition is not
satisfied for the fermions with m . H we are considering,
but it is after inflation ends, when the Hubble parameter
a′/a2 decreases. Therefore to compute the Bogolyubov
coefficients we join the inflationary period to a radiation
dominated one with a(τ) = H τ + 2 for τ > −1/H. The
equations of motion for U± during radiation domination
can be solved in terms of parabolic cylinder functions
and yield the final value of the Bogolyubov coefficients,
whose main feature is that k3 |β(k)|2 is peaked at k '
m. Their explicit expression, which is long and not very
illuminating, will not be presented here.
The normal ordered (in terms of the tilded operators)
two point function of the charge is
〈: Q(k)Q(k′) :〉 = e2
∫
d3x d3y
(2pi)3
e−ikx−ik
′y
× 〈: Ψ†(x, τ)Ψ(x, τ) Ψ†(y, τ)Ψ(y, τ) :〉 , (11)
that, in the limit k, k′ → 0, gives
P fQ(k → 0) = −
e2 k3
22 pi5
∫
d3q |β|2 ≡ −e2 k3H3 ff
(m
H
)
,
(12)
where the function ff (m/H), plotted in figure 1, shows
that, for m ∼ H, P fQ(k) ∼ 10−5 e2 k3H3.
3FIG. 1. Numerical evaluation of the function ff (m/H) ap-
pearing in eq. (12) and giving the overall amplitude of the
charge power spectrum for fermions of mass m during infla-
tion with Hubble parameter H.
B. Scalars
The case of a complex scalar is treated similarly, but,
due to the absence of Pauli blocking, will lead to a richer
set of possibilities. The canonically normalized field ϕ
satisfies
ϕ′′ +
(
k2 +m2 a2 − a
′′
a
)
ϕ = 0 (13)
that is solved by decomposing
ϕ(k, τ) ≡ φ(k, τ) a(k) + φ∗(−k, τ) b†(−k) , (14)
where the mode functions read
φ(k, τ) =
√−piτ
4
H(1)ν (−k τ), ν ≡
√
9
4
− m
2
H2
, (15)
where we assume m < 32 H. As we did for fermions, we
then decompose ϕ(k, τ) using a different set of operators
a˜(k, τ) and b˜(k, τ) and the adiabatic mode functions
φ˜(k, τ) =
e−i
∫
ωkdτ
√
2ωk
, ω2k ≡ k2 +m2 a2 −
a′′
a
. (16)
We then join the solutions during inflation to those
obtained during a radiation dominated phase, so that
the adiabatic condition is satisfied at late times (see Ap-
pendix B for details).
Using the charge operator for scalars
Q(x) = −ie
[
ϕ†(x, τ)ϕ′(x, τ)− ϕ†′(x, τ)ϕ(x, τ)
]
, (17)
we obtain
PQ(k) = e2
k3
(2pi)5
∫
d3q
ωk+qωq
{
2 |βq|2 |βk+q|2 (ω2q + ω2k+q)− (ωq + ωk+q)2Re
[
βqβ
∗
k+qαk+qα
∗
qe
2i
∫
ωqdτ−2i
∫
ωk+qdτ
]
+ 2(ω2k+q − ω2q)
(
|βk+q|2Re
[
β∗qαqe
−2i ∫ ωqdτ]− |βq|2Re [β∗k+qαk+qe−2i ∫ ωk+qdτ])
− (ωq − ωk+q)2Re
[
β∗qβ
∗
k+qαqαk+qe
−2i ∫ ωqdτ−2i ∫ ωk+qdτ]} (18)
The general expression of the Bogolyubov coefficients
is rather cumbersome, but in the regime q  H, m . H,
which is of interest for us, it simplifies to (see appendix B)
|βq|2 '
{
.5×√H/m× (H/q)2 ν , q . √mH ,
H4/(4 q4) ,
√
mH . q . H .
(19)
For nonrelativistic massive scalars the phase
∫
ω dτ '
mH τ2/2 (remember that a(τ) ' H τ well after the end
of inflation) oscillates rapidly after inflation, so that the
second and third lines of equation (18) can be neglected.
Also, one can take k→ 0 in the first line of that equation
since, as we will see, one obtains a finite result. As a
consequence, for scalars with a mass that is large enough,
using the relation |αq|2 − |βq|2 = 1, the charge power
spectrum can be written in the simple form
PQ(k) = − e
2
23pi5
k3
∫
d3q |βq|2
' − 3 e
2
8pi4
k3H3
(
H
m
)5/2 (m
H
) m2
3H2 −
(
ΛIR
H
) 2m2
3H2

(20)
where we have assumed m  H and used the first of
eqs. (19). In eq. (20), ΛIR corresponds to the scales that
left the horizon at the beginning of inflation, so that the
total number of efoldings of inflation is given by NTot ≡
log(H/ΛIR).
Depending on the total duration of inflation, eq. (20)
simplifies to two different expressions. If NTot  3H22m2
4(the case which includes the limit ΛIR → 0), then
PQ(k) ' − 3 e
2
8pi4
k3H3
(
H
m
)5/2
. (21)
If, on the contrary, inflation did not last for too long
and NTot  3H22m2 then
PQ(k) ' − e
2
4pi4
k3H3
(
H
m
)1/2
log
(
m
ΛIR
)
. (22)
Finally, we note that eq. (20) was obtained assuming
that the dominant contribution to eq. (18) is given by the
regime of integration of lowest q, ΛIR . q .
√
mH, i.e.,
by using the expression for |βq|2 given by the first line of
eq. (19). However if the scale of interests, characterized
by the wave number k, are such that k >
√
mH, then
the scalar field will be effectively massless. The exact
Bogolyubov coefficients for a massless scalars read
αq =
−H2 + 2 i q + 2 q2
2 q2
ei q/H , βq =
H2
2 q2
ei q/H .
(23)
Introducing these expressions into eq. (18) we obtain the
simple expression, valid for one massless scalar species
PQ(k) = −e2H4 k
3
25pi5
∫
d3q
q3 |k + q|
' −e2H4 k
2
23pi4
(NTot −Nk) , (24)
where Nk corresponds to the number of efoldings before
the end of inflation at which the scale k left the horizon,
so that Nk ' 50.
III. EFFECTS OF THE ELECTRIC FIELD
DURING INFLATION
One might worry that the charge fluctuations gen-
erated during inflation produce an electric field which
might either oppose further charge separation or anni-
hilate charge via Schwinger pair production. Here we
discuss why, in general, this is not the case.
The rate of change of a physical momentum p, due
to the expansion of the Universe, is given by H p. For
the effect of the electric field to be negligible with re-
spect to that of cosmological expansion we then require
e Ep  H p, where Ep is the typical intensity of the elec-
tric field in modes with wavelength larger that 1/p. In
other words, the acceleration due to the electric field
should be negligible with respect to the proper decelera-
tion due to the expansion of the Universe. We estimate
Ep using Gauss’s law
E2p ' 〈E2〉p =
∫ p dk
k3
PQ(k) . (25)
Since sub-horizon charge fluctuations are negligible, we
assume p . H, and for fermions we obtain e Ep '
3 × 10−3 e2H3/2 p1/2 so that only very low momentum
modes with p . 10−5 e4H ' 10−7H are affected by the
electric field. Since most of the charge is in modes with
p = O(m)  10−7H, the effect of the electric field on
fermions can be safely neglected.
For scalars things are more complicated. A charged
scalar φ with mass m . H gets large fluctuations with
variance 〈|φ|2〉 = 3H44pi2m2 and with a correlation length
∼ ∫ d3k k−1 |φk|2 that is IR-divergent. This implies that
φ acts as a uniform Higgs field, and that the photon
gets a mass [20] mγ ∼ e 〈|φ|2〉1/2 ' .3 eH2/m, which
therefore imposes an infrared cutoff in the integral (25)1.
As a consequence, for p . mγ the range of integration
in eq. (25) is vanishing and the electric field is negligible.
On the other hand, the discussion of section II B above
shows that most of the contribution to the electric charge
of the Universe comes from the very infrared modes with
p ∼ 1/R mγ . Therefore, the effect of the electric field
is negligible.
Another possibility is that the electric field produced
by the charge fluctuations ends up annihilating the fluc-
tuations themselves via Schwinger effect. Schwinger pair
production is effective if a charged particle χSchw with
mass m2Schw . e E/pi exist, provided the coherence length
of the electric field λ satisfies λ > 2pimSchw/(e E) [21].
Both conditions give an upper bound on mSchw and must
both be satisfied for Schwinger pair production to be ef-
fective.
In the case of fermionic charge, the electric field will
have a typical intensity E ∼ 3 × 10−3 eH2 and its
coherence length is approximately 2pi/H, so that the
Schwinger phenomenon is effective if mSchw . e E/H '
3× 10−4H.
In the case of charge generated by scalars the coherence
length of the electric field is set by the mass of the photon,
λ = 2pi/mγ . As a consequence, if mγ & H then the elec-
tric field will be negligible, as the infrared cutoff ∼ mγ of
the electric field is larger than its ultraviolet cutoff ∼ H
determined by the absence of charge fluctuations at sub-
horizon scales. The mass of the photon will be larger than
H for m . .1H. Therefore as long as there is a scalar
with mass smaller than .1H we should not worry about
the Schwinger effect. For scalars with .1H . m . H we
insert eq. (20) into eq. (25) and take p ' H as ultraviolet
cutoff. We thus obtain E ' .05 eH2 (H/m)5/4. By eval-
uating numerically the condition that mSchw be smaller
both than e E/mγ and than
√
e E/pi we obtain that, for
.1H . m . H, the Schwinger effect can be efficient if
mSchw . .1H. As we stated above, if the field χSchw is a
scalar, then its large scale fluctuations will contribute to
1 In the case of effectively massless scalars one gets 〈|φ|2〉 =
H2
4pi2
NTot, so that mγ ' .15 eH
√
NTot.
5mγ via a Higgs effect, yielding mγ & H. Therefore, the
effect will be important only if χSchw is a fermion.
To sum up, Schwinger effect will affect the charge fluc-
tuations only if there exists during inflation a fermion
whose mass is smaller than 3 × 10−4H, if the charges
originate from the fluctuations of a fermion, or 10−1H,
if they originate from a scalar with .1H . m . H. It is
worth noting that, since we do not know what is the ex-
pectation value of the Higgs field (or of any other scalar
field that carries Standard Model charge) during infla-
tion, the mass of the particles of the Standard Model
will generally have mass that is different from the one
measured today.
IV. CONSTRAINTS FROM OBSERVATIONS
After inflation ends, the charged fermions and scalars
considered above will decay into ordinary matter. How-
ever, since electric charge is conserved, the charge den-
sity produced during inflation will not be affected. In the
post-inflationary Universe, a charge fluctuation is associ-
ated to a magnetic field and to vorticity [2] (the electric
field being rapidly driven to zero by the large conductiv-
ity of the primordial plasma). Observational constraints
on vorticity and on the intensity of cosmological mag-
netic fields impose then an upper bound on the charge
density in the Universe. To see how the values of QR de-
rived above compare to the constraints of [2], we define
the quantity
yR =
√|〈Q2R〉|
e nB
, (26)
where nB is the number density of baryons, nB ' 1.5 ×
10−10 T 3. The bound [2] depends somehow on the spec-
tral index of the magnetic field, but reads approximately
yR=.1h−1Mpc . 10−26. We will assume, as we did above,
that reheating is instantaneous.
A. Fermions
We insert eq. (12) into eq. (3), we use the fact that QR
scales as the inverse of the volume element, and that R
in eq. (3) is a comoving distance. Assuming g∗ ' 102 at
the time of reheating, setting T = T0 ' 3×10−4 eV, and
taking R ' .1h−1 Mpc, we find
yR=.1h−1Mpc ' 3×10−33
√
ff (m/H)
10−5
(
H
9× 1013 GeV
)3/4
,
(27)
where we have normalized H to its maximum possible
value, that is determined by the non-observation of tensor
modes in the CMB. Fermions fall short of the constraint
by at least 8 orders of magnitude.
B. Scalars
For massive scalars with a “long” inflation (NTot 
H2/m2), an analogous computation yields
yR=.1h−1Mpc ' 4× 10−32
(
H
9× 1013 GeV
)3/4(
H
m
)5/4
,
(28)
so that the constraint yR=.1h−1Mpc . 10−26 is satis-
fied unless the scalar is very light m . 5 × 10−5H.
For these small values of m, however, the condition
NTot  H2/m2 is easily violated, and we should rather
use eq. (22) to compute yR, yielding the bound m &
10−23 log2(m/ΛIR)H. If this bound is violated, how-
ever, m will be so small that it is more natural to consider
the exactly massless case, that gives
yR=.1h−1Mpc ' 10−20
(
H
9× 1013 GeV
)√
NTot , (29)
that, for the maximal allowed value of H, exceeds the
observational limit by at least 7 orders of magnitude even
in the case of short inflation, NTot = O(102).
V. CONCLUSIONS
If one or more electrically charged species have a mass
smaller than the Hubble parameter during inflation, then
our Universe will typically carry a net electric charge. We
have found that each species whose mass is of the order of
the Hubble parameter contributes a charge density that is
5÷ 7 order of magnitude below the observational limits.
Very light scalars, however, can contribute much more
charge density, and in the limit of massless scalars the
resulting charge density can exceed by seven (or more,
depending on the duration of inflation) orders of magni-
tude the constraints of [2], unless the Hubble parameter
during inflation is well below the “high scale inflation”
regime H ' 1013 GeV.
We should point out that our analysis concerns the
simpler regime of constant mass particles during inflation
with constant Hubble parameter. While it is straightfor-
ward to extend our conclusions to the case of adiabat-
ically evolving m or H, it would be especially interest-
ing consider the case where the parameters in the the-
ory are rapidly evolving, for instance as a consequence
of a phase transition. Finally, it would be interesting to
study whether charged scalars that are experiencing a
period of tachyonic evolution can generate large charge
fluctuations.
While in this paper we have focused on electric charge,
our arguments are valid for any conserved quantum num-
ber. In particular, they will be unchanged if we replace
electric charge by baryon (this was the case examined
in [18]) or lepton number, with the simplification that
such charges are not associated to any long range forces.
We hope to return to this subject in a future work.
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Appendix A: Bogolyubov coefficients
To properly motivate our procedure of normal order-
ing/renormalization, let us examine the structure of the
Hamiltonian for a complex scalar field. We start by writ-
ing the action of the scalar in terms of the comoving field
as
S =
∫
d4x
{
ϕ′ϕ∗′ + ϕ∗
[
∆ +
a′′
a
− a2m2
]
ϕ
}
, (A1)
where the conjugate momenta of ϕ and ϕ∗ are Πϕ = ϕ∗′
and Πϕ∗ = ϕ
′.
Using eq. (14), the Hamiltonian can then be written as
H =
∫
d3k
[(
aka
†
k + b
†
−kb−k
)
g(k, τ)
+ akb−kf(k, τ) + b
†
−ka
†
kf
∗(k, τ)
]
, (A2)
where
f(k, τ) = φ′(k)2 + ω2k φ(k)
2 ,
g(k, τ) = |φ′(k)|2 + ω2k |φ(k)|2 . (A3)
The Hamiltonian in the above form is not diagonal and
the definition of the number operator is unclear since the
a and b operators do not annihilate energy eigenstates.
We can however diagonalize the above Hamiltonian by
performing a Bogolyubov transformation on the opera-
tors, (
a˜k(τ)
b˜†−k(τ)
)
=
(
αk(τ) β
∗
k(τ)
βk(τ) α
∗
k(τ)
)(
ak
b†−k
)
, (A4)
where αk and βk are the Bogolyubov coefficients, and
a˜k and b˜k are annihilation operators with an associated
vacuum, |0˜〉. By imposing that both the ak, b−k and
the a˜k, b˜−k operators satisfy canonical commutation re-
lations, we find the constraint |αk|2 − |βk|2 = 1. We can
invert the transformation (A4) in terms of the original
operators as(
ak(τ)
b†−k(τ)
)
=
(
α∗k(τ) −β∗k(τ)−βk(τ) αk(τ)
)(
a˜k
b˜†−k
)
, (A5)
which allows us to write the Hamiltonian compactly as
H =
∫
d3k ωk
[
a˜k a˜
†
k + b˜
†
k b˜k
]
, (A6)
where f(k, τ) and g(k, τ) must satisfy
f(k, τ) = 2ωk αk βk , g(k, τ) = ωk
(|αk|2 + |βk|2) ,
(A7)
in order for eq. (A6) to hold. In contrast to the Hamil-
tonian in terms of the original operators ak and bk, for
the Hamiltonian in eq. (A6) we can unambiguously de-
fine the number operators, N˜ak = a˜
†
k a˜k and N˜
b
k = b˜
†
k b˜k
which will tell us the number of quanta of the energy
eigenstates of ϕ in the states whose vacuum is |0˜〉. We
must also normal order (with respect to the tilded oper-
ators) so that the energy associated with the vacuum |0˜〉
vanishes,〈
0˜
∣∣ : H : ∣∣ 0˜〉 = ∫ d3k ωk 〈0˜ ∣∣∣ a˜†ka˜k + b˜†kb˜k ∣∣∣ 0˜〉 = 0.
(A8)
However, if we act on the original vacuum |0〉, with the
adiabatic number operators we find〈
0
∣∣∣ N˜ak ∣∣∣ 0〉 = 〈0 ∣∣∣ N˜ bk ∣∣∣ 0〉 = |βk|2 6= 0, (A9)
thus if |βk|2 6= 0 this is interpreted as particle creation.
The Hamiltonian remains diagonalized when eqs. (A7)
are satisfied and only in this case can we define the num-
ber of quanta of ϕ in a meaningful and unambiguous
manner. We can ensure the relations in eq. (A7) are
obeyed if the mode functions satisfy a WKB-type solu-
tion,
ϕ(k, τ) = αk ϕ˜(k, τ) + βk ϕ˜
∗(k, τ) ,
ϕ˜(k, τ) ≡ 1√
2ωk
e−i
∫
ωkdτ , (A10)
with the condition for adiabaticity ω
′
ω2  1.
To summarize, an adiabatic vacuum exists (along with
its associated adiabatic operators) for early times dur-
ing which our Hamiltonian is diagonalized allowing us to
clearly define the number of particles2. Subsequently, a
period of nonadiabacity occurs and our Hamiltonian has
the nontrivial form of eq. (A2). After this period of nona-
diabacity our system evolves adiabatically again and we
can once again unambiguously define the number of par-
ticles. The Bogolyubov transform in eq. (A4) allows us
to relate these three regions, and the Bogolyubov coef-
ficients enables us to calculate the number of particles
created during the period of nonadiabaticity. Finally, we
must normal order the tilded operators (which are the
operators that allow to count our particles), but calcu-
late expectation values using |0〉 since this is the state in
which particle creation takes place.
Appendix B: Calculation of Bogolyubov Coefficients
The exact solution for the mode functions of a scalar
field of mass m during inflation with Hubble parameter
2 We assume that the initial charge density vanishes, but even if
there is an initial density it will quickly be diluted by the de
Sitter expansion
7H is
ϕI =
√−kτ
[
AkH
(1)
ν (−kτ) +BkH(2)ν (−kτ)
]
, (B1)
where Ak and Bk are arbitrary constants. The adiabatic
solution to the mode functions is
ϕWKB(k, τ) = αk ϕ˜(k, τ) + βk ϕ˜
∗(k, τ) ,
ϕ˜(k, τ) ≡ 1√
2ωk
e−i
∫
ωkdτ . (B2)
If our initial state contains no particles, then αINk = 1
and βINk = 0, which leads to
Ak =
√
pi
4k
, Bk = 0. (B3)
The adiabatic condition ( ω
′
ω2  1) at the end of infla-
tion reads m  a′/a2, where we have assumed that we
are looking at long wavelength modes for which ω ' ma.
For masses on the order of H or less, the modes are not
evolving adiabatically at the end of inflation, and the
number of particles is therefore not a well-defined quan-
tity. We can however join the end of inflation to a ra-
diation epoch with a = H τ + 2, where the adiabatic
condition reads
ω′
ω2
=
Hm2(Hτ + 2)
(m2(Hτ + 2)2 + k2)
3/2
 1, (B4)
showing that a well defined concept of particle will exist
assuming we wait long enough, τ  1√
mH
.
The equation of motion of a massive scalar during the
radiation epoch is
ϕ′′R +
(
k2 +m2(Hτ + 2)2
)
ϕR = 0, (B5)
whose solution can be written in terms of parabolic cylin-
der functions as
ϕR(τ) = akD− 12−i k
2
2Hm
(
ei
pi
4
√
2m
H
(H τ + 2)
)
+ bkD− 12+i k
2
2Hm
(
ei
3pi
4
√
2m
H
(H τ + 2)
)
. (B6)
The constants ak and bk are determined by joining the exact solutions during inflation to those during the radiation
dominated era, that is, by imposing ϕI(τR) = ϕR(τR) and ϕ
′
I(τR) = ϕ
′
R(τR), where τR = −1/H denotes the time of
the end of inflation. The adiabatic solution for the mode functions after inflation will have the form of eq. (B2) with
ω2k = k
2 +m2(Hτ + 2)2. We can solve for the Bogolyubov coefficients by matching the exact solution to the adiabatic
solution for late times (τ → +∞)
ϕR(τ → +∞) ≈ e
−pik˜28m˜√
τ˜
√
2m˜
akepik˜24m˜ + bk √2pi eipi/4
Γ
(
1
2 − i k˜
2
2m˜
)
 e− i2 m˜τ˜2τ−i k˜22m˜ + bk e− 3pik˜28m˜√
τ˜
√
2m˜
e
i
2 m˜τ˜
2
τ˜ i
k˜2
2m˜ ,
ϕWKB(τ →∞) ≈ αk/
√
H√
2m˜τ˜
e−
i
2 m˜τ˜
2
τ−i
k˜2
2m˜ +
βk/
√
H√
2m˜τ˜
e
i
2 m˜τ˜
2
τ i
k˜2
2m˜ , (B7)
obtaining
αk =
√
H (2 m˜)
1/4
e
pik˜2
8m˜
ak + bke−pik˜28m˜ √2pi eipi/4
Γ
(
1
2 − i k˜
2
2m˜
)
 ,
βk =
√
H (2 m˜)
1/4
e−
3pik˜2
8m˜ bk , (B8)
where for notational simplicity k˜ = k/H, m˜ = m/H
and τ˜ = H τ . We will be interested in nonrelativistic
(k  ma), superhorizon (−kτR  1) modes, for which
we find
βk ≈ −eipi8 Γ(1/4)
2
√
2pi
(
H
m
)1/4(
k
H
)−√9/4−m2/H2
, (B9)
where Γ(1/4)/(2
√
2pi) ' .72. Since βk is non-zero we
interpret this as the de Sitter expansion causing quanta
of ϕ to be created.
An analogous study can be performed in the case of
massless scalars, and the exact Bogolyubov coefficients
take a much simpler form
αk = e
ik
H
(
1 + i
H
k
− H
2
2k2
)
,
βk = e
ik
H
H2
2k2
. (B10)
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